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ABSTRACT
Supernova remnants (SNRs) are believed to accelerate particles up to high energies through the
mechanism of diffusive shock acceleration (DSA). Except for direct plasma simulations, all modeling
efforts must rely on a given form of the diffusion coefficient, a key parameter that embodies the
interactions of energetic charged particles with the magnetic turbulence. The so-called Bohm limit
is commonly employed. In this paper we revisit the question of acceleration at perpendicular shocks,
by employing a realistic model of perpendicular diffusion. Our coefficient reduces to a power-law in
momentum for low momenta (of index α), but becomes independent of the particle momentum at high
momenta (reaching a constant value κ∞ above some characteristic momentum pc). We first provide
simple analytical expressions of the maximum momentum that can be reached at a given time with
this coefficient. Then we perform time-dependent numerical simulations to investigate the shape of
the particle distribution that can be obtained when the particle pressure back-reacts on the flow. We
observe that, for a given index α and injection level, the shock modifications are similar for different
possible values of pc, whereas the particle spectra differ markedly. Of particular interest, low values
of pc tend to remove the concavity once thought to be typical of non-linear DSA, and result in steep
spectra, as required by recent high-energy observations of Galactic SNRs.
Subject headings: ISM: supernova remnants – ISM: cosmic rays – Acceleration of particles – Methods:
numerical
1. INTRODUCTION
Cosmic rays (CRs) observed on Earth possess a wide
range of energies, with a spectral break (the “knee”) at
approximately 1015 eV. Particles accelerated up to this
energy are thought to originate in Galactic sources, such
as supernova remnants (SNRs). The observation of non-
thermal high-energy radiation from SNRs is amongst the
accumulating evidence that these objects are indeed ac-
celerators of particles (for a recent review see Helder et al.
2012). The observation of X-ray synchrotron rims in
young SNRs proved the presence of multi-TeV electrons
(first in SN 1006, Koyama et al. 1995), and the detection
of the γ-ray pion-decay signature in more evolved objects
recently confirmed the presence of energetic protons as
well (in IC 443 and W44, Ackermann et al. 2013). It is
generally believed that particles achieve such high ener-
gies via the mechanism known as diffusive shock accelera-
tion (DSA), a first-order Fermi acceleration process (Bell
1978; Drury 1983; Blandford & Eichler 1987; Malkov &
Drury 2001). In DSA, particles increase their energy
by crossing the shock front multiple times, scattering off
turbulence in the magnetic field. The main prediction of
DSA is that the final CR distribution function is a power-
law function in momentum: f(p) ∝ p−3r/(r−1) where r is
the shock compression ratio. For strong shocks (r = 4)
this results in an index of 4, globally consistent with ob-
servations (e.g. Kang & Ryu 2011).
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In order to describe the mechanism of DSA, one has to
solve the CR transport equation, which is essentially an
extended diffusion equation (see e.g. Schlickeiser 2002).
In general this equation contains a diffusion tensor de-
scribing the particle diffusion in the different directions
of space. In the scenario described in the present paper,
we are interested only in particle diffusion along the di-
rection of the shock propagation, and therefore consider
one-dimensional diffusion. So we solve the following form
of the transport equation (Skilling 1975):
∂f
∂t
+ u
∂f
∂x
=
∂
∂x
(
κ
∂f
∂x
)
+
1
3
(
∂u
∂x
)
∂f
∂ ln p
+ S. (1)
where f(x, p, t) is the CR distribution function of posi-
tion x along the shock normal, momentum p, and time t,
u is the bulk flow speed, κ is the spatial diffusion co-
efficient in the shock propagation direction, and S is a
source term. In this form of the transport equation we
have neglected stochastic acceleration and other effects
such as radiative losses.
The key parameter κ embodies the interaction between
charged particles and magnetic turbulence. Computing
its value is a difficult problem in theoretical astrophysics
(see Shalchi 2009a for a review). In studies of DSA at
interstellar shocks, the so-called Bohm limit is often em-
ployed (see, e.g., Kang & Jones (1991); Berezhko & Vo¨lk
(1997); Bell et al. (2013)). It is often assumed that the
parallel diffusion coefficient cannot be smaller than the
Bohm limit, and that the perpendicular diffusion coeffi-
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2cient cannot be larger than the Bohm limit. An alterna-
tive, simple model is to assume a power-law in momen-
tum. The Bohm coefficient gets proportional to p for
large p, and so a common choice is a power-law of index
α = 1, often referred to as “Bohm-like” diffusion (see,
e.g., Kang & Jones (1991); Malkov (1997); Berezhko et al.
(2002); Kang & Jones (2006); Kang (2010); Kang et al.
(2012)). Such a steep dependence of the diffusion coef-
ficient on momentum can make it very time-consuming
to solve the transport equation computationally, because
of the wide range of diffusion length- and time-scales to
resolve. As a result, values of α lower than unity have
often been used for convenience. For instance, the early
numerical simulations by Falle & Giddings (1987) and
Bell (1987) were made with respectively α = 0.25 and
α = 0.5. Later on Kang & Jones (1991) performed a
comparison of various indices between 0 and 1. At this
point it should be noted that the choice of Bohm diffu-
sion was historically favoured mostly because it provides
the fastest possible acceleration at parallel shocks, for a
given magnetic field. Although there is some observa-
tional evidence in favour of this scenario (Stage et al.
2006; Uchiyama et al. 2007; Tanaka et al. 2008), numer-
ical studies have found that the Bohm regime does not
generally hold (Casse et al. 2002; Candia & Roulet 2004;
Parizot 2004), and the validity of this assumption has
been regularly questioned (Kirk & Dendy 2001; Parizot
et al. 2006). To the best of our knowledge, the Bohm
limit has been rigorously derived only in the presence of
strong turbulence (Shalchi 2009b; Srinivasan & Shalchi
2014). We note that in studies of DSA in other contexts,
such as interplanetary shocks (e.g. Dosch & Shalchi 2010;
Li et al. 2012), different, more realistic diffusion models
are used.
It is the purpose of this paper to explore how the dif-
fusion model impacts the spectrum of CRs produced
through DSA at SNR shocks. Most of the literature
cited assumes that SNR shocks are quasi-parallel shocks,
where particles diffuse along the main magnetic field
lines. However it is well known that perpendicular
shocks, where particles diffuse across the magnetic field
lines, work in a different (and more complicated) manner.
It had been suggested some time ago (Jokipii 1987) that
perpendicular shocks could actually be faster accelera-
tors, including in SNRs. This idea has been sporadically
used (e.g. Meli & Biermann 2006), but may not have re-
ceived the attention it deserves. In this paper we revisit
the problem of acceleration by perpendicular shocks in
the context of recent advances in the theory of perpendic-
ular diffusion. Both analytical work (Shalchi et al. 2010)
and numerical work (Qin & Shalchi 2012) suggest that
a distinctively different form of the diffusion coefficient
may be applicable for perpendicular shocks. Buffie et al.
(2013) demonstrated that this model agrees with obser-
vations for the starburst galaxy NGC 253. In this model,
the diffusion coefficient increases with momentum until
a characteristic momentum is reached and then asymp-
totes. In this paper we explore the impact of this al-
ternative model in the context of SNRs, and compare it
with more conventional models.
The outline of the paper is as follows. In section 2,
we present the different models for the diffusion coeffi-
cient in detail. In section 3 we investigate analytically,
in the linear regime, the maximum momentum that can
be reached by particles. In section 4 we investigate nu-
merically, in the non-linear regime, the shape of the spec-
trum of accelerated particles. Simulations are made with
the code Marcos (Ferrand et al. 2008), with parameters
based on Kang et al. (2009) (hereafter KRJ09). In sec-
tion 5 we give our conclusions and discuss future works.
2. MODELS FOR THE DIFFUSION COEFFICIENT
As already noted, in the general case, diffusion of en-
ergetic particles is a difficult topic due to the compli-
cated interaction between particles and magnetic fields.
The magnetic field configuration can be written as ~B =
~B0 + δ ~B where ~B is the total magnetic field, ~B0 is the
mean magnetic field, and the component δ ~B describes
the turbulence. The latter field causes diffusion of par-
ticles in different directions with respect to the mean
field. A strong simplification of the diffusion tensor can
be achieved if we assume axi-symmetry with respect to
~B0. In this case only two spatial diffusion parameters
enter the transport equation, namely the parallel diffu-
sion coefficient κ‖ and the perpendicular diffusion coef-
ficient κ⊥. Usually these diffusion parameters are very
different because different physical processes are lead-
ing to the transport of particles along and across the
mean field. In this work we solve the one-dimensional
diffusion Equation (1), which contains a single diffusion
coefficient κ, the diffusion coefficient in the direction of
the shock propagation (along the shock normal). In the
following we discuss two existing models for the paral-
lel diffusion coefficient and one third new model for the
perpendicular diffusion coefficient. The first two models
can be employed if a parallel shock is assumed (for which
κ = κ‖) and the third one for perpendicular shocks (for
which κ = κ⊥).
2.1. The Bohm Limit
The simplest form that can be used to model the spa-
tial diffusion of particles is that of isotropic Bohm dif-
fusion. In this particular model it is assumed that for a
strong turbulent magnetic field δB  B0, scattering of
particles becomes isotropic and the corresponding mean
free paths are equal to the Larmor radius λ = RL. From
the Newton-Lorentz equation the latter is given (in Gaus-
sian units) by RL = pc/(qB0), where p is the particle
momentum, c is the speed of light, and q is the absolute
value of the particle charge. Of course the question arises
as to what the Larmor radius is in a partially turbulent
magnetic system. If the turbulence were not present,
the particle’s orbit would be a perfect helix with a well-
defined radius RL. If there is strong turbulence, however,
the particle’s motion is more of a chaotic motion, where
the propagation direction is changing rapidly in time,
and the Larmor radius is no longer defined. It was shown
by Shalchi (2009b) and later by Srinivasan & Shalchi
(2014) that in the strong turbulence limit one can find
for the parallel mean free path λ‖ ≈ RLB0/δB where RL
is the unperturbed Larmor radius. The latter formula is
different compared to the standard Bohm model (where
λ = RL) and it was confirmed recently by using test-
particle simulations (see Hussein & Shalchi 2014). Parti-
cle diffusion coefficients and mean free paths are related
to each other via κ = vλ/3 where v is the particle veloc-
ity, therefore the parallel diffusion coefficient within this
3strong scattering limit is given by κ‖B = (3pcv)/(q δB).
Replacing the particle speed v by the particle momen-
tum p, this becomes
κ‖B(p) = κ?
p2
(1 + p2)1/2
(2)
where momenta have been expressed in mpc units and
κ? = (3mpc
3)/(q δB). In our modeling the turbulence is
not explicitly included and, therefore, the parameter δB
has to be seen as an external parameter. To stay close
to previous work, in the following we assume that the
turbulent field is approximately equal to the mean field
δB ≈ B0. Then numerically we obtain
κ? =
3× 1022
B0
cm2s−1 (3)
where B0 is the value of the ambient field in microGauss.
2.2. A Simple Power-law Model
The Bohm limit described above is a simplified model
for particle diffusion. Shalchi (2009b) and Srinivasan &
Shalchi (2014) showed that it can be derived under the
assumption of strong turbulence. In the weak turbulence
limit, parallel diffusion is controlled by gyro-resonant in-
teractions where the particles with a specific momentum
only interact with a certain length scale of the turbulence
(see, e.g., Shalchi 2009a for more details). In this case,
the mean free path λ‖ still increases with momentum,
however it is no longer directly proportional to the unper-
turbed Larmor radius, but rather a power-law: λ‖ ∼ RαL
with α > 0. The corresponding diffusion coefficient has
the form κ‖ ∼ vRαL. We can recover the Bohm limit
by setting α = 1. If particle diffusion can indeed be
described by gyro-resonant interactions, α can have dif-
ferent values depending on the assumptions made for the
turbulence spectrum. What the spectrum is at an SNR
shock wave remains unclear. Furthermore, α can be dif-
ferent for different energies because the particles inter-
act resonantly with different regimes of the turbulence
(Shalchi 2009a). In the present paper we do not deal
with details of turbulence theory and the different scat-
tering processes. So in the following we simply consider
the following form of the diffusion coefficient:
κ‖(p) = κ? pα (4)
where momentum is in mpc units and κ? can be esti-
mated from Equation (3). Note that in writing Equa-
tion (4) we considered relativistic particles for which
v = c. As will be shown in the next section, we do
not expect our model for perpendicular diffusion to be
notably different at non-relativistic energies, and there-
fore for simplicity we do not consider these low energies
in our study. We assume that particles are injected in
the DSA mechanism and pre-accelerated up to p ' mpc,
a momentum that should be fairly easy to reach, and we
investigate their subsequent fate. The simple, convenient
form given by Equation (4) is commonly used in studies
of DSA. It was in particular used in KRJ09, that we used
as a testbed for our own explorations.
We note that the Bohm coefficient given by Equa-
tion (2) reduces to such a power-law as Equation (4)
in both the non-relativistic and relativistic regimes: for
p mpc, κB(p) ∝ p2, whereas for p mpc, κB(p) ∝ p1.
2.3. A Realistic Model for Perpendicular Diffusion
It has been historically recognized that the transport
of particles across the magnetic field is an important, but
poorly understood effect (e.g. Giacalone 1998). Shalchi
et al. (2010) investigated the problem of perpendicular
diffusion and found that the perpendicular mean free
path increases with increasing particle momentum and
that for high momenta the perpendicular mean free path
becomes independent of the momentum. Shalchi (2014)
showed that this behavior of the perpendicular diffusion
coefficient is universal (i.e., independent of the assumed
turbulence properties). The momentum-dependence of
the perpendicular diffusion coefficient was also explored
numerically by using test-particle simulations. In Qin &
Shalchi (2012), for instance, the aforementioned behavior
of the perpendicular diffusion coefficient was confirmed.
Based on this previous work, we propose the following
form for the perpendicular diffusion coefficient:
κ⊥(p) = κ∞
pα
(p2αc + p
2α)1/2
(5)
where momenta are again in mpc units, and with now
three free parameters: the factor κ∞, the index α, and
a characteristic momentum pc. We see that for low mo-
menta this coefficient behaves like a power-law, and that
above the characteristic momentum it saturates to a con-
stant:
κ⊥(p) =
 κ∞
(
p
pc
)α
p pc (6a)
κ∞ p pc. (6b)
Here again we have restricted the discussion to relativis-
tic particles, and in particular we expect pc > mpc. Ana-
lytical work (see Shalchi et al. 2010 and Shalchi 2013) has
shown that pc and κ∞ depend on turbulence parameters
such as the magnetic field strength and the correlation
length, but these parameters are basically unknown in
SNRs. However, analytical theory predicts that for low
particle momenta the perpendicular and parallel diffu-
sion coefficient are related by κ⊥ = 0.5 (δB/B0)
2
κ‖, so
that, under our assumption δB ≈ B0, we can match the
alternative diffusion coefficient of Equation (5) with the
common diffusion coefficient of Equation (4). That is,
we set
κ∞ = κ? (p2αc + p
2α
inj)
1/2, (7)
where pinj < mpc is the smallest momentum considered.
Given this normalization, we note that our perpendicu-
lar diffusion coefficient will always be less than its Bohm
counterpart. Having thus limited the number of free pa-
rameters, we will henceforth study the effect of varying pc
for a given α. The resulting coefficients are plotted in
Figure 1 for comparison (for α = 1).
2.4. Space Dependence
So far we have been concerned only with the momen-
tum dependence of the diffusion coefficient, but the pa-
rameters defining κ can in principle vary in space, in par-
ticular the multiplicative pre-factor. Following KRJ09,
we modify the form of the diffusion coefficient to account
for the compression of magnetic field, assuming the mean
4field is tied to the density. This leads to
κ(x, p) =
(
ρ0
ρ(x)
)ν
κ(p) (8)
where ρ0 is the upstream (unperturbed) density, ρ(x) is
the local density at location x, and ν is set to either 0
or 1 depending on whether the compression is taken into
account or not.
3. ANALYTICAL CONSIDERATIONS ON THE
MAXIMUM MOMENTUM OF PARTICLES
The maximum energy that can be reached by particles
at SNR shocks is one of the major questions of the theory
of CR production, and it ultimately comes down to how
particles are interacting with magnetic fields. By con-
fining particles in the vicinity of the shock front (where
they can gain energy), the diffusion coefficient controls
the timescale of the acceleration process. Starting from
some injection momentum pinj,
2 the spectrum of accel-
erated particles extends progressively in time to higher
and higher momenta, with a maximum momentum pmax
that directly depends on the behaviour of κ(p). More
precisely, from Equation (3.31) in Drury (1983), the time
it takes to accelerate particles from pinj to pmax is given
by
〈t〉acc = 3
u1 − u2
∫ pmax
pinj
(
κ1
u1
+
κ2
u2
)
dp
p
(9)
with u the flow velocity, κ the diffusion coefficient, p the
particle momentum, and where the subscripts 1 and 2
indicate the upstream and downstream medium respec-
tively (as defined in the shock frame). Using Equa-
tion (8) for the space dependence of κ, we have κ2 = κ1
if ν = 0 and κ2 = κ1/r if ν = 1, where we recall
that r = ρ2/ρ1 = u1/u2 is the compression ratio. Also,
in the shock frame, we have u1 = uS and u2 = uS/r
where uS is the shock speed. So Equation (9) can be
rewritten as
〈t〉acc = Rν
u2S
∫ pmax
pinj
κ1(p)
dp
p
(10)
where Rν is a dimensionless constant that can be ex-
pressed as a function of r, in a way that depends on the
behaviour assumed for κ(x):
Rν =

3r(r + 1)
r − 1 = 20 ν = 0 (11a)
6r
r − 1 = 8 ν = 1 (11b)
where for the numerical values we adopted r = 4.
In the following, we compute the acceleration time for
the different diffusion coefficients introduced in section 2
(note that all momenta will be expressed in mpc units).
When the integral has been computed, Equation (10) can
be inverted to obtain an expression of pmax as a function
of time t (for a given pinj). We note that these age-
limited estimates are actually upper limits, since pmax
2 The initial injection of particles in the DSA mechanism is a
complex and still poorly understood process, that in principle de-
pends on the obliquity of the shock. In this paper we simply assume
that such a process is at work, and study the subsequent fate of
particles.
can be limited by other processes. In particular, a gen-
eral requirement is that the diffusion length of particles
remains smaller than the size of the SNR – otherwise
particles are free to escape the accelerator without ever
coming back to the shock. Another complication, for the
case of perpendicular shocks, is that particles will drift
along the shock surface (e.g. Bell 2013). Also, the maxi-
mum momentum of electrons will be limited by radiative
losses since they emit synchrotron radiation efficiently.
Our work in this paper is relevant to protons (or heavier
ions).
Bohm diffusion coefficient.— Applying Equation (10)
with Equation (2), we obtain:
〈t〉acc‖B = t0‖
[√
1 + p2max −
√
1 + p2inj
]
(12)
where we have noted t0‖ = Rν κ?/u2S .
Power-law diffusion coefficient.— Applying Equa-
tion (10) with Equation (4), we obtain:
〈t〉acc‖ = t0‖

pαmax − pαinj
α
α > 0 (13a)
ln
(
pmax
pinj
)
α = 0. (13b)
Note that we expect the diffusion coefficient to be de-
pendent on the particle momentum at least over some
range, implying α > 0, however we recall that our new
diffusion coefficient gets constant above the characteris-
tic momentum pc, so the case α = 0 is of interest as well.
Equations (13a)–(13b) can be readily inverted as
〈pmax(t)〉‖ =

pinj
(
1 +
α
pαinj
t
t0‖
)1/α
α > 0(14a)
pinj exp
(
t
t0‖
)
α = 0 .(14b)
Perpendicular diffusion coefficient.— Applying Equa-
tion (10) with Equation (5), after using the substitution
x = pα to compute the integral, we obtain for α > 0:
〈t〉acc⊥= t0⊥
α
[
sinh−1
((
pmax
pc
)α)
− sinh−1
((
pinj
pc
)α)]
(15)
=
t0⊥
α
ln

√
1 +
(
pmax
pc
)2α
+
(
pmax
pc
)α
√
1 +
(
pinj
pc
)2α
+
(
pinj
pc
)α
 (16)
where we have noted t0⊥ = Rν κ∞/u2S . The case α = 0 is
similar to the power-law case, and is already covered by
Equation (13b) with κ? replaced by κ∞/
√
2. The inter-
esting case here is when α > 0. When pc  pinj < pmax
Equation (16) also reduces to the form of Equation (13b),
in agreement with the fact that the diffusion coefficient
is then constant at all momenta. In the other limit
pc  pmax > pinj Equation (16) reduces to the form
of Equation (13a), in agreement with the fact that the
diffusion coefficient is then a power-law of index α at all
momenta. In the intermediate case pinj ≤ pc ≤ pmax,
we can make the simplifying assumption that κ⊥(p) is
5a power-law for all p up to pc and then a constant for
all p above pc (see Equations (6a)–(6b)). Then, adapt-
ing Equations (13a) and (13b) we obtain
〈t〉acc⊥ '

t0⊥
α
[(
pmax(t)
pc
)α
−
(
pinj
pc
)α] pmax(t) ≤ pc
(17a)
tc + t0⊥ ln
(
pmax(t)
pc
) pmax(t) ≥ pc
(17b)
where we have noted t0⊥ = Rν κ∞/u2S and
tc =
t0⊥
α
(
1−
(
pinj
pc
)α)
(18)
the acceleration time from pinj to pc. Note that, given
that pinj  pc, tc happens to be very weakly depen-
dent on pc: tc ' t0⊥/α. We can invert Equations (17a)
and (17b) (or adapt Equations (14a) and (14b)) to obtain
an estimate of the maximum momentum at time t:
〈pmax(t)〉⊥ '

pinj
(
1 + α
(
pc
pinj
)α
t
t0⊥
)1/α t ≤ tc
(19a)
pc exp
(
t− tc
t0⊥
) t ≥ tc
.(19b)
The preceding formulae allow us to make order of
magnitude estimates for SNRs under different scenarios.
They will be useful to set the simulation time in the
next section. In Figure 2 we plot the acceleration time
from pinj = 10
−2 mpc to pmax = 106 mpc, assuming a
shock of constant velocity uS = 1000 km/s (in reality uS
would continuously decrease over time). We have used
the diffusion coefficient (5) and set α = 1. The stan-
dard case of section 2.2 is recovered when pc approaches
pmax = 10
6 mpc. We see that, in this case, the “knee”
energy can be reached in reasonable times (of the order
of a thousand years) only if the magnetic field at the
shock reaches values far above the typical Galactic value
of a few µG. But if the value of pc is lower, so that the
diffusion coefficient becomes constant at high momenta,
then acceleration proceeds much faster, and it gets much
easier to reach the knee – regardless of the value of B0.
We note that it had already been pointed out by Jokipii
(1987) that, if the perpendicular diffusion coefficient were
much smaller than the parallel one but non negligible, the
maximum energy attainable would be much higher than
usually assumed (see also Meli & Biermann 2006). Our
proposed diffusion coefficient achieves this. However, we
recall that the acceleration time scales directly with the
unknown parameter κ∞ (see Equations (15)–(16)).
We note that the acceleration times and the maximum
momenta computed in this section were denoted in brack-
ets, meaning that they represent the most probable val-
ues. The DSA mechanism is stochastic in nature, and
although the advection in momentum always proceeds
upwards, not all particles injected initially will reach the
same momentum at the same time. As a result, the spec-
trum will not show a sharp cut-off at pmax, but rather
an exponential cut-off (Drury 1983). The actual shape
of the cut-off depends on the diffusion coefficient: con-
sidering a power-law of index α, then the higher α, the
more distinct the diffusive behaviours of particles of dif-
ferent momenta is, and the sharper the cut-off is. On the
contrary, the new model that we propose has a plateau
of the diffusion properties at high momenta, and so we
expect that the cut-off around pmax will be less clearly
defined than in standard studies of DSA. Finally, note
that, as long as DSA operates in the linear regime – that
is, as long as the presence of accelerated particles doesn’t
modify the shock that accelerates them, the shape of
the spectrum between the injection domain (p & pinj)
and the cut-off domain (p . pmax) does not depend on
κ(p): it is always a power-law in momentum, f(p) ∝ ps,
where the index s depends on the compression ratio of
the shock only (according to s = 3r/(r − 1)). But when
one takes into account the back-reaction of particles on
the shock (non-linear DSA), then the spectrum becomes
more complicated, and can bear the mark of the diffu-
sion process (Drury 1983; Jones & Ellison 1991; Malkov
& Drury 2001). To model the complex interplay between
energetic particles and the shock, we then have to resort
to numerical simulations (Jones 2001).
4. NUMERICAL SIMULATIONS OF THE
SPECTRUM OF ACCELERATED PARTICLES
When particles are efficiently accelerated, their pres-
sure can become high enough that it affects the evolution
of the shock, which in turn affects the way they are ac-
celerated. As energetic particles diffuse upstream of the
shock front, they progressively slow down the incoming
flow (in the shock frame), which results in the formation
of a characteristic precursor in the upstream medium.
As particles of different momenta travel over different
distances away from the shock discontinuity (now re-
ferred to as the sub-shock), they will experience different
compression ratios, leading to a varying spectral index,
which can no longer be described by a pure power-law – a
key prediction of non-linear DSA (Jones & Ellison 1991;
Malkov & Drury 2001). On top of this, there exists an-
other back-reaction loop, exerted through the magnetic
field: energetic particles are thought to trigger instabili-
ties while they stream in the upstream medium, thereby
generating themselves the magnetic turbulence they need
to be confined in the vicinity of the shock (Bell 2013). In
this work we do not address the details of magnetic field
amplification, which are quite complex and fairly uncer-
tain (see Schure et al. 2012 for a review). An MHD treat-
ment is beyond the scope of this paper. We simply as-
sume the presence of magnetic waves that can scatter the
particles, so that the DSA approach is valid. The main
effect of increasing the magnetic field strength would be
to alter the parameters of the diffusion coefficient (pre-
factor κ? or κ∞, characteristic momentum pc), which are
essentially unconstrained anyway, and that we consider
as free parameters. Our focus here is on the momentum-
dependence of κ, and how it impacts the spectrum of
particles in comparison with standard cases. From the
previous discussion, κ(p) clearly has a major role to play
in the non-linear regime. Upstream of the shock the bal-
ance between advection and diffusion leads to an expo-
nential decay of the particle density (e.g. Drury 1983),
with a length scale
xdiff(p) =
κ(p)
uS
(20)
6where uS is the shock velocity. Expression (20) can be
interpreted as the typical extent of the region that parti-
cles of momentum p diffusively explore upstream of the
shock. For the standard (relativistic) Bohm diffusion
model, where κ(p) and thus xdiff(p) are directly propor-
tional to p, the spectrum gets distinctively concave. For
our proposed perpendicular diffusion model, where κ(p)
and thus xdiff(p) eventually become independent of p, we
expect a different outcome.
In this section, we investigate this effect by means of
numerical simulations. Several models have been de-
veloped to simulate DSA, depending on the focus of
the study. Here we are interested in the shape of the
CR spectrum, so we are using a kinetic description for
the particles: we work with the distribution function
f(x, p, t), which obeys the transport Equation (1), that
we are numerically integrating in time in a way similar
to KRJ09 (see Caprioli et al. 2010 for a comparison of
different possible kinetic approaches to solve this equa-
tion). On the other hand, for now we want to abstract
the results from any environmental effects that may affect
the shock evolution, and so we will consider an idealized
shock front.
4.1. The code Marcos
To perform such hydro-kinetic simulations of the cou-
pled shock+particles system, we employ the existing code
Marcos (Ferrand et al. 2008), developed for the study
of time-dependent non-linear DSA. We recall here briefly
the code’s main features and refer the reader to the orig-
inal paper (Ferrand et al. 2008) for more details.
The code jointly solves in time the three conservation
equations that describe the thermal fluid (Euler equa-
tions) and the advection-diffusion equation (1) that de-
scribes the energetic particles. The hydro equations,
written in conservative form for (ρ, ρu, E), are solved
using an explicit Godunov scheme. The kinetic equation,
written for g = p4 f as a function of y = ln p, is solved
using a semi-implicit Crank-Nicolson scheme, in order to
deal with the much smaller time scales associated with
diffusion than with advection. In the version used for
this paper, the code includes the effect of Alfve´nic heat-
ing on the flow and of Alfve´nic drift on the particles
(e.g. Kang 2013). The geometry is 1D plane-parallel in
space x (so the shock is unidirectional) and 1D spheri-
cally symmetric in momentum p (so the particle distri-
bution is isotropic). The magnetic field is not explicitly
computed by the code, it only appears as a parameter
embedded in the diffusion coefficient. So the inclination
of the shock normal with respect to the local magnetic
field is defined implicitly by the choice of the diffusion
model: when using Equation (2) or (4) we are dealing
with a purely parallel shock, when using Equation (5) we
are dealing with a purely perpendicular shock. We note
that the actual shock inclination in SNRs is much uncer-
tain, and probably varies in a given object; we are here
considering these two idealized cases separately. In or-
der to accommodate the potentially huge range of scales
caused by diffusion, we use AMR: the space grid is adap-
tively refined by deploying a hierarchy of nested grids of
increasing resolution around the shock. To further re-
duce the cost of computing the acceleration of particles
to ever-increasing momenta, we use parallelization: the
momentum grid can be split over several processors.
The shock is generated by a constant velocity piston.
In practice, we are working in the piston frame to save on
grid space, and so the piston appears as a fixed, reflecting
wall at the left boundary of the grid. The position and
properties of the shock front are diagnosed at each hydro
time step. There, particles are injected continuously in
time from the thermal pool, for simplicity we consider
that this occurs in a fixed momentum bin pinj and at
a constant rate η (expressed as a fraction of the flux
crossing the shock). The DSA solver then spreads the
distribution of particles over space and momentum. The
pressure of particles is computed from their momentum
distribution in each space cell, and is included in the
hydro equations at each time step, leading to modified
shocks and spectra.
4.2. Parameters
We aim to simulate DSA with parameters relevant for
SNRs. We based our models on the work by KRJ09 that
we used to validate and benchmark our own code. As
KRJ09 we consider a shock of Mach number MS = 10.
Although the Mach number can be much higher in young
SNRs, this is high enough to get a strong shock with
compression of almost 4, and this is more computation-
ally tractable. We concentrate on KRJ09 “T6” models,
which are relevant for a hot and tenuous ISM phase (such
as inside a stellar wind bubble or a superbubble), since
they were easier to reproduce. That is, we use an up-
stream temperature T0 = 10
6 K and an upstream par-
ticle density n0 = 0.03 cm
−3. For MS = 10 this corre-
sponds to a reasonable shock velocity uS ' 1500 km.s−1
(assuming a mean molecular weight µ = 0.6). We con-
sider an ambient magnetic field B0 = 5 µG, appropriate
for the average Galactic field, which according to Equa-
tion (3) leads to κ? = 6.23× 1021 cm2s−1, as in KRJ09.
Regarding the momentum dependence of the diffusion
coefficient, we compare a standard power-law of index α,
Equation (4), with our modified version of same index α
and varying characteristic momentum pc, Equation (5).
For α we consider the two limit cases used by KRJ: α = 1,
which is the relativistic Bohm scaling, and α = 1/2. For
each α, we vary the parameter pc between mpc and the
maximum momentum considered. We model momenta
within the range from 10−2 to 104 mpc for α = 1 and
from 10−2 to 108 mpc for α = 1/2. We use an injection
momentum pinj = 10
−2 mpc, and an injection fraction
η = 10−4 or η = 10−3, consistent with KRJ09. Regard-
ing the space dependence of the diffusion coefficient, we
opt to tie it to the density for the case α = 1 (ν = 1,
models suffixed “d” in KRJ09), and to take it uniform
for the case α = 1/2 (ν = 0). The kinetic parameters for
the two sets of models are summarized in Table 1.
We use code units as in KRJ09. In these units the
upstream mass density is normalized to unity, the shock
velocity is normalized to unity, and the diffusion coeffi-
cient is normalized to its value at the maximum momen-
tum pmax (with the choice of normalization Equation (7),
this implies that for our new diffusion law κ∞ is always of
order unity for pc  pmax, whereas for a pure power-law
κ? scales as p
−α
max). These conditions implicitly define
the units of mass, length and time (the latter two are
reported for convenience in Table 2). Note that indepen-
dently of this, particle momenta are always expressed in
7α κ? ν η pinj pc pmax
1 6.23× 1021 cm2.s−1 1 10−4 or 10−3 10−2mpc 100, 101, 102, 103mpc 104mpc
1/2 6.23× 1021 cm2.s−1 0 10−4 or 10−3 10−2mpc 100, 102, 104, 106mpc 108mpc
Table 1
Kinetic parameters for the two sets of models. Particles are injected at the shock front at a constant rate η at a fixed momentum pinj.
They experience DSA with a diffusion coefficient determined by parameters α, pc, κ?, and ν according to equations (5), (7), and (8). The
simulation is run until they reach the target momentum pmax.
pc for α = 1/2 pc for α = 1 length unit time unit
> 108mpc > 104mpc 4.1× 1017 cm= 1.4× 10−1 pc 2.7× 109 s = 8.6× 10+1 yr
106mpc 103mpc 4.1× 1016 cm= 1.4× 10−2 pc 2.7× 108 s = 8.6× 10−0 yr
104mpc 102mpc 4.1× 1015 cm= 1.4× 10−3 pc 2.7× 107 s = 8.6× 10−1 yr
102mpc 101mpc 4.1× 1014 cm= 1.4× 10−4 pc 2.7× 106 s = 8.6× 10−2 yr
100mpc 100mpc 4.1× 1013 cm= 1.4× 10−5 pc 2.7× 105 s = 8.6× 10−3 yr
Table 2
Code units of length and time for the different values of pc, as defined by equation (5), increasing from bottom to top (the top row
corresponds to the reference case of equation (4)). Note that values have been grouped by equivalent pairs for the cases α = 1, 1/2.
units of mpc. We can estimate the time over which to
run our simulations according to the relevant equations
in section 3. For the standard power-law, Equation (13a)
reduces for pmax  pinj to 〈t〉acc‖ = Rν/α κ(pmax)/u2S ,
which in our code units simply reads Rν/α, where we re-
call that Rν is given by Equations (11a)–(11b). For our
new diffusion law, Equation (17b) reduces for pc  pinj
to 〈t〉acc‖ = Rν κ(pmax)/u2S (1/α+ln(pmax/pc)), which in
our code units reads Rν (1/α + ln(pmax/pc)) (note that
we recover the previous case by setting pmax = pc). It is
important to note that, even though the simulation time
in code units gets longer with the perpendicular diffu-
sion coefficient, the simulation time in physical units gets
shorter (see Table 2), because with our choice of normal-
ization we always have κ⊥ ≤ κ‖. The size of the space
domain is set so that it contains the shock over the time
simulated, and also the precursor formed by the particles.
The scale of the precursor is given by the diffusion length
upstream of the shock of particles of the highest momen-
tum: xdiff(pmax) (see Equation (20)), which in our code
units is conveniently of unity. A final important point
to be discussed regarding the simulations design is the
space resolution dx. In order to resolve the diffusive be-
haviour of the particles, each space cell must be smaller
than the diffusion length of all particles present in this re-
gion. At the shock front this means that we should have
dx  xdiff(pinj). In practice we use dx/xdiff(pinj) = 1/3
for all simulations (for α = 1/2 this is almost the same
resolution as KRJ09’s “T6P12” model, for α = 1 this is
a much higher resolution than KRJ09’s “T6P1d” model,
which is needed for our code to give converged results).
4.3. Results for α = 1
We start our study of the properties of our perpen-
dicular diffusion model with the common choice α = 1.
The simulation results are presented in Figure 3 for a
low injection fraction η = 10−4 and Figure 4 for a high
injection fraction η = 10−3. On each figure, the left
column shows a hydrodynamic quantity: the pressure
profiles P as a function of position x along the direction
of the shock propagation, and the right column shows
a kinetic quantity: the particle spectrum g = p4f as a
function of momentum p. The results are plotted for
various values of the characteristic momentum, increas-
ing from bottom to top: pc = 10
0, 101, 102, 103 mpc,
and the topmost plots correspond to the reference Bohm
case, which formally is recovered with our new coefficient
when pc > pmax = 10
4 mpc. Finally, on each plot, the
quantity of interest is plotted at different times in dif-
ferent colors, increasing from the startup time in blue to
the final time in red (according to the color bar on the
right of each row).
Pressure profiles (on the left columns) are plotted in
the shock frame, since we are not interested in the ex-
tent traveled by the shock, but rather by the shape of the
shock front. The shock is visible as a sharp discontinu-
ity in all profiles, with a compression ratio r of about 4
for the density (not shown) as expected. As time passes,
we clearly see the formation of a precursor upstream of
the shock front. As already explained, this is caused by
the presence of energetic particles that are free to wan-
der ahead of the shock. The pressure of the particles
has been added as dashed curves. One can see that the
particle pressure is building up in the upstream region,
and that in the downstream region it quickly rises to a
level comparable with the fluid pressure, while the fluid
pressure decreases accordingly (note that in our units
the pressure is normalized by the upstream ram pres-
sure). The intensity of this back-reaction effect depends
on the injection level: for η = 10−4 (Figure 3) the parti-
cle pressure always remains lower than the fluid pressure,
whereas for η = 10−3 (Figure 4) the particle pressure
dominates. When it comes to the diffusion properties,
we see that the results are qualitatively similar for the
different values of pc. The final share between the fluid
and particle pressures varies very slightly for η = 10−3,
more appreciably for η = 10−4, but the overall dynamics
are the same.
Particle spectra (on the right columns) are plotted
immediately downstream of the shock front. As time
passes, we see how the spectrum extends to higher and
higher momenta (in a way that broadly agrees with the
analytical estimates of section 3). In this log(g)–log(p)
representation, it would stay perfectly flat in the test-
particle regime (dotted line). Because of the shock mod-
ifications discussed above, it actually comes in a vari-
ety of shapes. In the case where the diffusion coefficient
is a strictly increasing function of momentum (topmost
8plots), particles of low momenta remain in the vicinity
of the shock where they experience a compression of less
than 4, leading to a slope s > 4, whereas particles of high
momenta explore the whole shock structure and experi-
ence a compression of more than 4, leading to a slope
s < 4. This results in a characteristic curved spectrum
for the Bohm diffusion. When turning to our new dif-
fusion coefficient, a more complex behaviour is observed
as a function of the characteristic momentum pc. For a
value of pc close to pmax, such as pc = 10
6 mpc (second
row from the top), the results are similar to the Bohm
case, because as long as p < pc our new κ reduces to
the same power-law of index α. However, as pc decreases
(from top to bottom rows), the spectrum changes at high
momenta, because particles reaching these momenta ex-
perience a different diffusive behaviour (the regime where
κ becomes constant). The upward curvature before pmax
becomes less and less pronounced. For a low injection
fraction η = 10−4, it eventually completely disappears.
For a high injection fraction η = 10−3, it remains, but
much reduced and shifted towards lower momenta. This
behavior can be understood as follows: when the diffu-
sion coefficient becomes independent of the particle mo-
mentum, the diffusion length of particles upstream of the
shock (Equation (20)) becomes constant, and therefore
they explore essentially the same region in space and
experience the same compression, leading to the same
spectral index, and therefore to a rather straight spec-
trum above pc. By comparing the spectrum at different
times (in particular for the cases with a low pc, such as
pc = 1 mpc on the bottom row), we also see how the dif-
fusion coefficient affects the shape of the cut-off around
pmax. At early times, when pmax is still lower than pc,
the cut-off is quite sharp, whereas at later times, when
pmax is higher than pc, the cut-off broadens. Also note
that the output times were chosen regularly spaced along
the course of the simulation. As a result, the spacing of
curves highlights the acceleration timescales. In the stan-
dard diffusion case, it is apparent that most of the time
is taken to accelerate particles over the very last decade
of the momentum box. In the modified case, the same
behaviour is observed until pmax reaches pc, and then
the acceleration becomes more uniform over time (in the
constant diffusion regime, log(pmax) grows linearly with
time, see Equation (19b)).
4.4. Results for α = 1/2
We complement our study of the properties of our
perpendicular diffusion model with the alternative value
α = 1/2. The simulation results are presented in Fig-
ure 5 for a low injection fraction η = 10−4 and Fig-
ure 6 for a high injection fraction η = 10−3. In this
case the values of pc, increasing from bottom to top, are
100, 102, 104, 106 mpc, and the topmost plots again cor-
respond to the reference Bohm case, formally recovered
when pc > pmax = 10
8 mpc. All the plots presented are
otherwise the same as previously.
Both the hydro plots and the kinetic plots are similar
to those for α = 1. Pressure plots all show a modified
shock, with an extended precursor, that varies slightly
in shape with pc (and of course with η). Spectra show a
variety of shapes, that evolve similarly as in the previous
section with pc. For the reference case of Bohm diffusion
(topmost row), there is a clear non-linear curvature, even
more marked than for α = 1. For the modified coefficient,
as pc decreases (from top to bottom rows) the curvature
is removed, entirely for η = 10−4, and almost entirely
for η = 10−3. So for a given η, the effect is even more
marked than for α = 1, leading to even steeper spectra
at low pc.
4.5. Discussion
A key feature that we have observed in the results of
our simulations, for both cases α = 1 and α = 1/2,
is that our new diffusion coefficient (Equation (5)) pro-
duces modified shocks that clearly bear one distinctive
signature of non-linear DSA: the precursor, yet produces
spectra that do not bear another landmark signature of
non-linear DSA: the concavity. For a very high pc, which
is equivalent to the Bohm case, the spectra are fairly hard
before pmax. But as the characteristic momentum pc is
reduced, so is the spectrum curvature. And for a very
low pc, the spectra are very steep. To better characterize
the transition between the two regimes, in Figure 7 we
plot the minimal value, smin, reached by the logarithmic
slope of the distribution: s = −∂ ln f/∂ ln p, as a func-
tion of pc, for each case of the power-law index (α = 1 at
the top, α = 1/2 at the bottom) and of the injection frac-
tion (η = 10−4 as green crosses, η = 10−3 as red pluses).
We see that smin is close to 3 for the standard case (cor-
responding to the highest pc), but gets back towards the
test-particle value of 4 for the modified case with a diffu-
sion plateau (lowest pc). We also see that the evolution
of smin for intermediate cases depends on α as well as η.
As expected spectra are always harder for a larger injec-
tion level, and they react differently to η depending on
α. For the weak momentum dependence α = 1/2, as well
as for the strong momentum dependence α = 1 with low
injection fraction η = 10−4, the variation of smin is reg-
ular. For the strong momentum dependence α = 1 with
high injection fraction η = 10−3, the variation of smin is
more complicated, with a minimum obtained for inter-
mediate values of pc. Indeed, as can be seen in Figure 4,
as pc is lowered, the spectrum first sees its concavity be-
ing restricted to a smaller range of momenta while still
reaching similar values at pmax, leading to highly modi-
fied spectra for that particular parameter range.
We note that the shape of the CR spectrum will be
reflected in the shape of the spectrum of non-thermal
photons (radiated via the production and decay of pions
for energetic protons), so that these findings have di-
rect observational implications. Even though the shock
precursor itself has not been resolved, we note that ev-
idence has accumulated indicating that the structure of
SNR shocks is indeed affected by the presence of ener-
getic particles (Helder et al. 2012). On the other hand,
recent γ-ray observations of SNRs do not support the
existence of concave spectra of the underlying CR pop-
ulation, on the contrary they require rather steep spec-
tra (Caprioli 2011). We note that our model naturally
produces such spectra, even though particles may be ef-
ficiently accelerated and take a large part of the shock
energy.
We do not make a claim here that our new diffusion
coefficient solves the problem of DSA in SNRs. We re-
call that this coefficient has been motivated by studies of
perpendicular diffusion, but the actual geometry of the
9magnetic field at SNR shocks is generally uncertain. In
principle, both parallel and perpendicular diffusion could
be at work. Furthermore, we note that several models
have already been proposed, amending the classic theory
of non-linear DSA, to accommodate the new data: Capri-
oli (2011, 2012) stressed the importance of the Alfve´nic
drift, Malkov et al. (2012) and Blasi et al. (2012) pointed
out the role of neutrals, Inoue et al. (2010) investigated
the effect of multiple secondary shocks, and Telezhinsky
et al. (2012) showed the possible contribution from the
reverse shock. We would like to make the point, how-
ever, that some predictions of non-linear DSA regarding
the spectrum of particles strongly depend on the diffu-
sion coefficient, the expression of which has often just
been guessed or chosen for convenience in studies of par-
ticle acceleration in SNRs. We have shown that altering
the momentum dependence of κ opens new possibilities.
To find out what the real coefficient is, one would need to
compute it directly from the magnetic turbulence spec-
trum, self-consistently with the transport and particles
and the development of streaming instabilities. Such a
task is well beyond the scope of this paper, where we
simply wanted to explore the properties of a new, well
motivated form of the diffusion coefficient.
5. CONCLUSION
A key input parameter in studies of particle accelera-
tion in SNRs is the diffusion coefficient in the direction
of the shock propagation. It is commonly assumed to fol-
low the Bohm limit, or to be a power-law in momentum
with an index α close to one. In this paper we propose
a new model for the diffusion coefficient, based on the
work by Shalchi et al. (2010) and Qin & Shalchi (2012)
on perpendicular diffusion. Our coefficient reduces to a
power-law in momentum for p < pc, but becomes inde-
pendent of the particle momentum for p > pc, where pc
is some characteristic momentum.
We provided analytical expressions, in the test-particle
regime, to evaluate the maximum momentum pmax that
can be reached at a given time with this coefficient, which
depends on pc and on the factor κ∞. The two parameters
depend on turbulence parameters such as magnetic field
strengths and correlation lengths (see Shalchi et al. 2010
and Shalchi 2013). Such turbulence properties, however,
are unknown in SNRs, and so the values of pc and κ∞
are poorly constrained and therefore were considered as
free parameters. We then performed time-dependent nu-
merical simulations of DSA, including the back-reaction
of the particle pressure, with two standard diffusion co-
efficients (power-laws of index α = 1 and α = 1/2) and
their modified counterpart (with a varying pc between
1 mpc and pmax(tend) = 10
4 mpc or 10
8 mpc). We
observed that the shock modifications are similar in all
cases, whereas the particle spectra can differ markedly.
As long as pmax(t) < pc and the diffusion lengths of par-
ticles of different p are well separated, the spectra ex-
hibit the well-known concavity of non-linear DSA. But
as soon as pmax(t) > pc and the diffusive behaviour of
particles becomes independent of their momentum, the
spectra become softer. This is in agreement with recent
γ-ray observations of SNRs, which exhibit steep photon
spectra, contrary to standard non-linear DSA predictions
(see e.g. Caprioli 2011 and references therein).
Finally, we note that the applicability of our new model
will depend on the shock geometry (the orientation of the
ambient magnetic field with respect to the local shock
normal). In this paper we made the distinction between
fully parallel and fully perpendicular shocks, in reality
one would probably need to consider a combination of
orientations. In the future we shall study DSA in a multi-
dimensional geometry, where all the components of the
diffusion tensor may be involved.
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Figure 1. The momentum dependence of the diffusion coefficients considered in this work. The solid green curve corresponds to the
power-law case defined by Equation (4). The dashed red curves correspond to the modified cases defined by Equation (5), for different
values of the characteristic momentum pc (rising from 10mpc to 105 mpc by factors of 10, from bottom to top). Here we have chosen the
index α = 1.
Figure 2. Acceleration time to the “knee” (pmax = 106 mpc) from the thermal pool (pinj = 10
−2 mpc) for a shock of constant speed
uS = 1000 km/s. We used the diffusion coefficient (5), which is a function of the characteristic momentum pc, and of the ambient magnetic
field B0 through Equations (7) and (3). The acceleration time is computed from Equation (15) and is represented in colours, ranging from
less than a year in blue to one million years in red (iso-contours have been added for each power of ten).
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Figure 3. Left: Pressure profiles (solid: fluid, dashed: particles) as a function of position at different times. Right: spectrum of the
particles (g = p4f) as a function of momentum at different times. Diffusion with α = 1 and pc increasing from bottom to top: 100 mpc,
102 mpc, 104 mpc, 106 mpc, and > 108 mpc (the reference Bohm case). Injection level η = 10−4.
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Figure 4. Left: Pressure profiles (solid: fluid, dashed: particles) as a function of position at different times. Right: spectrum of the
particles (g = p4f) as a function of momentum at different times. Diffusion with α = 1 and pc increasing from bottom to top: 100 mpc,
102 mpc, 104 mpc, 106 mpc, and > 108 mpc (the reference Bohm case). Injection level η = 10−3.
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Figure 5. Left: Pressure profiles (solid: fluid, dashed: particles) as a function of position at different times. Right: spectrum of the
particles (g = p4f) as a function of momentum at different times. Diffusion with α = 1/2 and pc increasing from bottom to top: 100 mpc,
102 mpc, 104 mpc, 106 mpc, and > 108 mpc (the reference Bohm case). Injection level η = 10−4.
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Figure 6. Left: Pressure profiles (solid: fluid, dashed: particles) as a function of position at different times. Right: spectrum of the
particles (g = p4f) as a function of momentum at different times. Diffusion with α = 1/2 and pc increasing from bottom to top: 100 mpc,
102 mpc, 104 mpc, 106 mpc, and > 108 mpc (the reference Bohm case). Injection level η = 10−3.
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Figure 7. Smallest value of the logarithmic slope of the CR distribution function s = −∂ ln f/∂ ln p, as a function of pc, for different
injection levels: η = 10−4 (green crosses) and η = 10−3 (red pluses). The two panels correspond to two different indices for the power-law
part of the diffusion law: α = 1 (top) and α = 1/2 (bottom).
